Quantum entanglement [1, 2] plays a vital role in many quantum information and communication tasks [3]. Entangled states of higher dimensional systems are of great interest due to the extended possibilities they provide. For example, they allow the realisation of new types of quantum information schemes that can offer higher information-density coding and greater resilience to errors than can be achieved with entangled two-dimensional systems (see [4] and references therein). Closing the detection loophole in Bell test experiments is also more experimentally feasible when higher dimensional entangled systems are used [5] . We have measured previously untested correlations between two photons to experimentally demonstrate high-dimensional entangled states. We obtain violations of Belltype inequalities generalised to d-dimensional systems [1] with up to d = 12. Furthermore, the violations are strong enough to indicate genuine 11-dimensional entanglement. Our experiments use photons entangled in orbital angular momentum (OAM) [7] , generated through spontaneous parametric down-conversion (SPDC) [8, 9] , and manipulated using computer controlled holograms.
Quantum entanglement [1, 2] plays a vital role in many quantum information and communication tasks [3] . Entangled states of higher dimensional systems are of great interest due to the extended possibilities they provide. For example, they allow the realisation of new types of quantum information schemes that can offer higher information-density coding and greater resilience to errors than can be achieved with entangled two-dimensional systems (see [4] and references therein). Closing the detection loophole in Bell test experiments is also more experimentally feasible when higher dimensional entangled systems are used [5] . We have measured previously untested correlations between two photons to experimentally demonstrate high-dimensional entangled states. We obtain violations of Belltype inequalities generalised to d-dimensional systems [1] with up to d = 12. Furthermore, the violations are strong enough to indicate genuine 11-dimensional entanglement. Our experiments use photons entangled in orbital angular momentum (OAM) [7] , generated through spontaneous parametric down-conversion (SPDC) [8, 9] , and manipulated using computer controlled holograms.
Quantum information tasks requiring high dimensional bipartite entanglement include teleportation using qudits [10, 11] , generalised dense coding (i.e., with pairs of entangled d-level systems) [12] , and some quantum key distribution protocols [13] . More generally, schemes like quantum secret sharing [14] , and measurement based quantum computation [15] , apply multi-particle entanglement. These are promising applications, especially in view of recent progress in the development of quantum repeaters (see [16] and references therein). However, practical applications of such protocols are only conceivable when it is possible to experimentally prepare, and moreover, detect high-dimensional entangled states. Therefore, the ability to verify high-dimensional entanglement between physical qudits is of crucial importance. Indeed, much progress has generally been made on the generation and detection of high-dimensional entangled states (please see [17] and references within).
In this Letter, we report the experimental investigation of high-dimensional, two-photon entangled states. * acd8@hw.ac.uk
We focus on photon OAM entangled states generated by SPDC, and demonstrate genuine high-dimensional entanglement using violations of generalised Bell-type inequalities [1] . Previously, qutrit Bell-type tests have been performed using photon OAM to verify 3-dimensional entanglement (see [18] and references within). In addition to testing whether correlations in nature can be explained by local realist theories [19] , the violation of Bell-type inequalities may be used to demonstrate the presence of entanglement. Bell-type experiments have been performed using two-dimensional subspaces of the OAM state space of photons [20, 21] and experimentalists have demonstrated 2-dimensional entanglement using up to twenty different 2-dimensional subspaces [22] . Careful studies have also been carried out to describe how specific detector characteristics bound the dimensionality of the measured OAM states in photons generated by SPDC using Shannon dimensionality [23] .
Our experimental study of high-dimensional entanglement is based on the theoretical work of Collins et al. [1] , which was applied in experiments for qutrits encoded in the OAM states of photons [18, 24] . We encode qudits using the OAM states of photons, with eigenstates defined by the azimuthal index . These states arise from the solution of the paraxial wave equation in its cylindrical co-ordinate representation, and are the LaguerreGaussian modes LG p, , so called because they are light beams having a Laguerre-Gaussian amplitude distribution.
In our setup ( Fig. 1) , OAM entangled photons are generated through a frequency degenerate type-I SPDC process, and the OAM state is manipulated with computer controlled spatial light modulators (SLM) acting as reconfigurable holograms. Conservation of angular momentum ensures that if the signal photon is in the mode specified by | , the corresponding idler photon can only be in the mode |− . Assuming that angular momentum is conserved [9] , a pure state of the two photon field produced will have the form
where subscripts A and B label the signal and idler photons respectively, |c | 2 is the probability to create a photon pair with OAM ± h and | is the OAM eigenmode with mode number .
Collins et al. [1] showed that, for correlations which can be described by theories based on local realism [1] family of Bell-type parameters S d satisfy the inequalities
Alternatively, if quantum mechanics is assumed to hold, then the violation of an inequality of type (2) indicates the presence of entanglement. S d can be expressed as the expectation value of a quantum mechanical observable, which we denote asŜ d . The expressions for S d ,Ŝ d and the operatorsŜ 2 ,Ŝ 3 are provided in Sec. SI of the Supplementary Information. The parameters S d are calculated using coincidence probabilities for measurements made locally by two observers, Alice and Bob, on their respective subsystems, which in our case are the signal and idler photons from the SPDC source. Alice's detector has two settings labelled by a ∈ {0, 1} with d outcomes for each setting, and similarly for Bob's detector with settings b ∈ {0, 1}. The measurement bases corresponding to the detector settings of Alice and Bob are defined as
where v and w both run from 0 to d − 1 and denote the outcomes of Alice's and Bob's measurements respectively, and the parameters α 0 = 0, α 1 = 1/2, β 0 = 1/4, and
The measurement bases {|v A a } and {|w A a } have been shown [5, 25] to maximise the violations of inequality (2) for the maximally entangled state of two d-dimensional systems given by |ψ =
It turns out that we are able to parametrise these d-dimensional measurement basis states with 'mode analyser' angles θ A and θ B , and write them in the form
where
The function g( ) is defined as
where [x] is the integer part of x, and u( ) is the discrete unit step function. Fig. S1 shows an example of the experimental data points for the self normalised coincidence rates as function of the relative angle (θ A − θ B ) using d = 11 (see also Fig. S1 in the Supplementary Information). For a maximally entangled state where h( ) = 1 for all when d is odd, and h( = 0) = 1, h(0) = 1 when d is even, the coincidence rate of detecting one photon in state |θ A and the other in state |θ B is proportional to
The key result of our paper is displayed in Fig. 3 , which shows a plot of experimental values of parameter S d as a function of the number of dimensions d. The plot compares theoretically predicted violations for a maximally entangled state, the experimental readings and the local hidden variable (LHV) limit. The maximum possible violations (shown in Tab. S1 of the Supplementary Information) are slightly larger than the corresponding violations produced by a maximally entangled state. Violations persist up to as much as d = 12 when entanglement concentration [26] is applied. We find S 11 = 2.39 ± 0.07 and S 12 = 2.24 ± 0.08, which clearly violate S d ≤ 2 (see also Tab. S4 of the Supplementary Information). In the corresponding experiment using LG p, modes with only p = 0, violations are obtained up to d = 11. Without entanglement concentration, we observe violations only up to d = 9 (please see Fig. S2 in Sec. SIV of the Supplementary Information). Above d ∼ 11, the strength of the signal becomes so low that noise begins to overshadow the quantum correlations. In Fig. S1 , the theoretical prediction in Eqn. 9 for a state with maximal 11-dimensional entanglement is fitted to the experimental coincidence data obtained using the mode analyser settings defined in Eq. 5 for d = 11, with only the vertical offset and amplitude left as free parameters. The observed fringes are seen to closely match those theoretically obtained for a state with maximal 11-dimensional entanglement.
The violation of a Bell inequality in d × d dimensions directly indicates that the measured state was entangled. It remains to determine how many dimensions were involved in the entanglement. Measuring the coincidence probabilities, i.e., of having the joint state | s ⊗ | i (Fig. 4) , together with the parameters S d for different d, can be seen as a partial tomography of the SPDC source state. Numerical investigations indicate that a state having the experimentally observed coincidence probabilities and parameters S 2 , S 3 , . . . , S 11 must contain genuine 11-dimensional entanglement. In other words, it is not possible to obtain the observed levels of violation with a state that contains entanglement involving only 10 dimensions or less. Our analysis assumes a special form of the states, based on the coincidence measurement results shown in Fig. 4 . Further details are given in Sec. SII of the Supplementary Information.
Our results hold much promise for applications requiring entangled qudits in general. As mentioned earlier, progress in the development of quantum repeaters (see [16] and references therein) would make quantum key distribution using high-dimensional entangled states [13] a possible application. Conventional quantum communication will fail for sufficiently large transmission distances because of loss, and quantum repeaters are one possible solution to this problem. Although experimental quantum key distribution has been demonstrated with OAM qutrits [24] , our findings provide experimental evidence that such protocols could be implemented using photons entangled in OAM in up to 11 dimensions, resulting in a considerable increase in information coding density.
A possible extension to our work would be to investigate the generation of multi-photon, high-dimensional OAM entanglement. One can conceive of achieving this using a cascade of down-conversion crystals for generating multipartite entangled photons, which has been done for polarisation entangled photons [17] . It also appears to be within reach to combine the high-dimensional photon OAM entanglement with entanglement in the polarisation and path degrees of freedom, creating even larger hyper-entangled states (please see [17] and references within).
On a more fundamental note, Bell test experiments performed to date have one or both of two main loopholes, namely the locality and detection loopholes. However, a recent theoretical work reveals that even low dimensional qudits can provide a significant advantage over qubits for closing the detection loophole [5] . In fact, it was found that as much as 38.2% loss can be tolerated using 4-dimensional entanglement. Our results raise interesting possibilities regarding the role higherdimensional entangled qudits could play in closing this loophole. We emphasize that neither the detection nor the locality loophole has been closed in our experiments, because the overall efficiency of our experimental setup is 1 − 2%, and the switching time for our measurement devices (SLMs) is of the order of tens of ms. However, closing these loopholes was not the immediate goal of our experiments. We are instead using the violation of Bell inequalities, up to fair sampling assumptions, as a means of verifying the presence of high-dimensional entanglement, within the framework of quantum mechanics.
In summary, we have been able to experimentally demonstrate violations of Bell-type inequalities generalised to d-dimensional systems [1] with up to d = 12, enough to indicate genuine 11-dimensional entanglement in the orbital angular momentum of signal and idler photons in parametric down-conversion. It appears that this could be extended to even higher dimensions by using a brighter source of entangled photons.
METHODS
In our experiments, we use computer controlled SLMs (Hamamatsu) operating in reflection mode with a resolution of 600 × 600 pixels. In the detection, the SLMs are prepared in the states defined in Eqns. (5) respectively. An SLM prepared in a given state transforms a photon in that state to the Gaussian | = 0 mode. The reflected photon is then coupled into a single-mode fibre which feeds a single photon detector. Since only the | = 0 mode couples into the fibre, a count in the detector indicates a detection of the state in which the SLM was prepared. The hologram generation algorithm introduced in [27] is applied to configure the SLMs. [4] . To enhance the entanglement, we use the so-called Procrustean method of entanglement concentration [26] . This is generally done by means of a filtering technique which equalises the mode amplitudes, thereby probabilistically enhancing the entanglement of the two-photon state [29] . This can be achieved by applying local operations to one or both of the signal and idler photons. We choose local operations matched to the spiral bandwidth measurement for our SPDC source (please see Sec. SIV of the Supplementary Information), so as to obtain a close approximation to a maximally entangled state. The method applied in [30] uses lenses for equalising amplitudes in a superposition of three OAM modes. We however use alterations of the diffraction efficiencies of blazed phase gratings in the SLMs to achieve this goal for up to fourteen modes. Fig. 4 contrasts the results of coincidence measurements with and without Procrustean filtering, with the SLMs in the state {| A ⊗ | B } where
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SI. BELL OPERATOR
The expression for the generalised Bell-type parameter derived in [1] can be written as
Here, d is the number of dimensions, and S d is the Bell parameter, denoted as I d in [1] . The measurement outcomes A i , B i ∈ {0, . . . , d − 1}. P (A a = B b ) denotes the probability that the outcome A a of Alice's measurement is the same the outcome B b of Bob's measurement, for the respective detector settings a, b ∈ {0, 1}, (denoted in [1] as a, b ∈ {1, 2}). That is,
In a similar way,
is the probability that the outcome B b differs from A a by k, modulo d. We also have
Each joint probability is obtained from the photon coincidence count rate C(A a = i, B b = j) divided by the sum C T (a, b) of all coincidence rates for a given combination of detector settings for Alice and Bob, As mentioned in the main paper, the Bell-type parameter S d can be written as the expectation value of a Bell operatorŜ d , that is,
Let us define operatorsP (A
and operatorsP (B b = A a + k) aŝ
where the measurement basis states |v A a , |w B b for measurement settings a and b and v, w = 0, . . . , d − 1 are as defined in Eqns. 2 to 4 in the main paper. From Eqn. S1, the generalised Bell operator can then be written aŝ
For example, the Bell operators for d = 2 and d = 3 arê 
where the basis states are ordered as |0, 0 , |0, 1 , |0, 2 , . . . ,
It is straightforward to check that all diagonal elements ofŜ d are equal to zero in the OAM basis |j, k , as all diagonal elements of the operatorsP (A a = B b + k) and the operatorsP (B b = A a + k) are equal to 1/d 2 . Also, we note that all elements S jk of the Bell operators, written in the OAM basis, are nonnegative. This in fact holds for all Bell operators until d = 14, and we suspect that it holds generally, although it is not necessary for the purposes of this paper to prove it for the general case. Clearly, the maximal value of the Bell parameter, that is, the maximal Bell violation, is the largest eigenvalue of the Bell operator, and this largest violation is obtained for the corresponding eigenstate. Interestingly, this eigenstate is not in general equal to a maximally entangled state. Table S1 lists the Bell parameter values theoretically obtained for the maximally entangled state |ψ
j=0 |j, j , together with the maximal values of the Bell parameter, which, as already stated above, are equal to the largest eigenvalue of the respective Bell operator [2] . For anyρ, the corresponding Bell violation is a linear combination of the eigenvalues ofŜ d , since
where s k and |s k are the eigenvalues and eigenvectors ofŜ d , and therefore k s k |ρ|s k = Trρ = 1. The five largest eigenvalues s k ofŜ 11 are shown in Table S2 , along with the form of the corresponding eigenstates |s k .
SII. EVIDENCE FOR HIGH-DIMENSIONAL ENTANGLEMENT
Violation of a Bell inequality indicates that the measured state was entangled, but does not directly give information of how many dimensions were participating in the entanglement. We will now analyse the results of the coincidence measurements of the SPDC output, shown in Fig. 4 of the main paper, together with the obtained Bell violations for different d, and show that the high levels of violations of the tested Bell inequalities indicate that the SPDC state is indeed a high-dimensional entangled state. The problem of finding a lower bound on the dimensionality required to produce certain quantum correlations has been studied by Acin et al. in [3] , where they present examples of correlations that require measurements on quantum systems of dimension greater than two for their generation. Although, the depth of analysis presented there would require immense computational efforts for 11 dimensions, additional experimental results and considerations below allow us to simplify our analysis. Assuming conservation of OAM, meaning that j is always the same for signal and idler photons, both the filtered and unfiltered SPDC source states can be written in the form
c jk |j, j k, k|.
As seen from Fig. 4 in the main paper, for high | |, there are nonzero coincidence counts also when j for the signal and idler photons differ by ±1. This occurs for approximately 8% of the total count rate. Conservation of angular momentum in parametric down-conversion is, however, a theoretically and experimentally well-documented phenomenon (please see Ref. [9] of the main paper, and references within). One is therefore justified in assuming a state of the form in Eq. (S10), and that any coincidence counts indicating unequal j for signal and idler photons are due to imperfect mode selectivity in the measurement, which has greater effect for higher | |.
A state of the form in Eqn. (S10), which in addition has only at most (d − 1)-dimensional entanglement, can be written as a mixture of pure states |ψ m = d−1 j=0 a mj |j, j , where for each |ψ m , it holds that a mj = 0 for at least one j. By grouping terms with different |ψ m together, we can further write a state with at most (d − 1)-dimensional entanglement as a mixture of no more than d mixed states,ρ = d−1 n=0 r nρn , where eachρ n is a mixture of states |ψ m for which a mn = 0. That is, ifρ n = d−1 j,k=0 c n,jk |j, j k, k|, then c n,jk = 0 whenever one or both of j, k are equal to n. By varying the r n and the c n,jk inρ Clearly, the maximum violation for such a state is attained when it is pure, if there are no constraints in the maximisation. When constraints are included, it is possible in general that there is no pure state which satisfies all of them, so that the maximum is obtained with a mixed state. For example, three constraints on the Bloch vector of a 2-dimensional state may force it to be mixed. For d ≥ 4 it is in fact enough to consider pure stateŝ ρ n = |ψ n ψ n |. This follows since, for any mixedρ n , there is a corresponding pure state with the same diagonal components c n,jj , and the same Bell violations for S 2 , S 3 , . . . , S d . To see this, note that in addition to the d − 1 diagonal components ofρ n , we constrain the values of d − 1 Bell parameters, and this constitutes in total 2d − 2 constraints onρ n , which has (d − 1) 2 − 1 free parameters. These parameters can be thought of as the diagonal components ofρ n , plus the real and imaginary parts of its off-diagonal elements. We can also think of them as the components of the generalised Bloch vector forρ n . If the constraints leave at least one component of the generalised Bloch vector free, then this last component can be chosen large enough forρ n to be a pure state. We thus require that (d − 1) 2 − 1 > 2d − 2, which is satisfied for d ≥ 4. For d ≥ 5, we can in fact choose theρ n not only to be pure but also to have only real matrix elements, since then the number of independent off-diagonal matrix elements inρ n is strictly greater than the number of Bell inequalities, that is,
This considerably simplifies the numerical maximisation, which otherwise would be relatively demanding. We focus on the case d = 11, since the level of violation for d = 12 is smaller. The corresponding state space is thus spanned by the OAM basis states |j ⊗ |k = |j, k , with j, k ∈ {0, . . . , 10}. For d = 11, we now use the experimentally obtained diagonal coincidence probabilities P jj , with j = 0, . . . , 10, and the experimental values of S 2 , S 3 , . . . , S 10 as constraints. All these quantities are allowed to vary within the experimental error bars; errors are estimated assuming Poisson statistics for the photon counting processes. By numerical maximisation using M athematica R , we find that the largest value of S 11 , that can be obtained with a state of the form in Eq. (S11), is S 11 = 2.14. As mentioned in the main paper, we measure S 11 to be 2.39 ± 0.07 using all p modes. Using only p = 0, we find 2.67 ± 0.22. These and the other experimentally obtained Bell parameters are listed in Tables S3 and S4 . In other words, the largest violation S 11 that can be obtained with a state that has at most 10-dimensional entanglement is smaller than the experimentally measured violation, with more than three standard deviations for all p modes, and with more than two standard deviations for p = 0. One may therefore conclude, with high confidence, that the SPDC output state does contain 11-dimensional entanglement.
SIII. PROCRUSTEAN FILTERING
Let us denote the unfiltered state asρ i . The Procrustean entanglement concentration we perform can be considered to be a two-outcome generalised measurement (POM or probability operator measure) with measurement operatorŝ O † 1Ô 1 andÔ † 2Ô 2 . The Hermitian operatorsÔ 1 andÔ 2 satisfyÔ † 1Ô 1 +Ô † 2Ô 2 = 1 in the relevant Hilbert space. Furthermore, the procedure can be performed using only local operations on the signal and idler beams. The filtered state is obtained conditioned on outcome 1, and is given bŷ
If outcome 2 is obtained, then the filtering has failed, and in our case, we can think of the photon as having been absorbed, leaving the vacuum state,Ô † 2ρ iÔ2 /Tr[Ô † 2ρ iÔ2 )] = |0 0|. Using the filtered stateρ f , the parameter S d is
The Procrustean filter we applied for all the experiments was by means of local operations of the form 
SIV. SUPPLEMENTARY EXPERIMENTAL RESULTS
Spiral bandwidth. The spiral bandwidth is an important factor affecting the amount of entanglement of the OAM correlated photons for a given selected subspace of the OAM Hilbert space. The square of a Lorentzian function
gives a good fit to the experimentally measured coincidence rates, which are proportional to |c | 2 and presented in Fig. 4 of the main paper. The parameter γ specifies the half-width at half-maximum (HWHM) of f ( , γ), and A is a normalisation constant. We identify γ with the effective quantum spiral bandwidth. For our source, we obtain γ to be 7.58. As mentioned in the main paper, the finiteness of the spiral bandwidth causes a projection of the SPDC output state onto a d-dimensional subspace to result in a non-maximally entangled state [4] . S d versus d with LG p, modes. Table S3 shows the values plotted in Fig. 3 of the main paper, using all radial modes (all p). This means that the OAM (denoted by ) states of the photons are used irrespective of their radial state (denoted by p), which is another degree of freedom of Laguerre Gaussian beams. The corresponding theoretical maximal violations are shown in Table S1 . S d versus d using LG p, modes without Procrustean filtering. Figure S2 (a) shows the experimental results (also displayed in Table S5 ) obtained without Procrustean filtering. S d versus d with LG p=0, modes. The following results were obtained with the radial index p of the detected beams restricted to only p = 0. In this case, the state | means |p = 0, . The data in Table S4 is plotted in Figure S2 (b). This figure compares theoretically predicted violations for a maximally entangled state, the experimental readings and the local hidden variable (LHV) limit. Again, the corresponding theoretical maximal violations are shown in Table S1 . Using only modes with radial index p=0, we observe increased error bars and violations only up to d = 11, due to the reduced count rates resulting from the detection of only p = 0 states. Coincidence curves obtained using LG p=0, modes. As defined in the main paper, the measurement states in terms of 'mode analyser' angles θ A and θ B , are 
